Lorentz and diffeomorphism violations are studied in linearized gravity using effective field theory. A classification of all gauge-invariant and gauge-violating terms is given. The exact covariant dispersion relation for gravitational modes involving operators of arbitrary mass dimension is constructed, and various special limits are discussed.
The foundational symmetries of General Relativity (GR) include diffeomorphisms and local Lorentz transformations. The former act on the spacetime manifold, while the latter act in the tangent space. These two types of transformations are partially linked through the vierbein, which provides a tool for moving objects between the manifold and the tangent space. The proposal that Lorentz invariance might be broken in an underlying theory of gravity and quantum physics such as strings [1, 2] naturally raises various questions about the relationship between diffeomorphism violation and Lorentz violation and about the associated phenomenological signals. These questions can be studied independently of specific models using gravitational effective field theory [3] . Here, following a brief summary of the current status and results, we develop a model-independent framework for studying these issues in linearized gravity. This limit provides a comparatively simple arena for exploration, and it is crucial for experimental analyses of gravitational waves and of gravitation in the Newton and post-Newton limits.
A generic treatment of Lorentz violation in Minkowski spacetime in the absence of gravity is comparatively straightforward using effective field theory [4] . In this context, the role of diffeomorphisms and local Lorentz transformations is played by translations and Lorentz transformations that act globally and combine to form the Poincaré group. The two symmetries can be broken independently, and a physical breaking of either one can be represented in terms of nonzero background fields in an effective field theory. The breaking of either can be spontaneous or explicit. Spontaneous breaking occurs when the background is dynamical, which means that it must satisfy the equations of motion and that it comes with fluctuations in the form of Nambu-Goldstone modes [5] and possibly also massive modes. In most applications of spontaneous breaking, the background satisfies the equations of motion in vacuum and can therefore be viewed as the vacuum expectation value. In contrast, explicit breaking is a consequence of a prescribed background, which is typically off shell and has no associated fluctuations. Much of the phenomenological literature investigating Lorentz violation in Minkowski spacetime assumes for simplicity that global spacetime translations are preserved in an approximately local inertial frame, canonically taken to be the Sun-centered frame [6] . This guarantees conservation of energy and momentum, so phenomenological signals are restricted to violations of the conservation laws for generalized angular momenta.
A large body of experimental studies constrains this type of Lorentz violation [7] .
In the presence of gravity, the situation becomes more involved. One complication arises because diffeomorphisms and local Lorentz transformations act on objects in different spaces that can be linked via the vierbein, which can relate the corresponding violations. In the case of spontaneous breaking, for example, the vacuum expectation values are on shell and a nonzero background on the spacetime manifold implies one in the tangent space and vice versa. As a result, diffeomorphism violation occurs if and only if local Lorentz violation does [8] . More intuitively, local Lorentz violation can be understood as a background direction dependence in a local freely falling frame [3] . Transporting this to the spacetime manifold via the vierbein then guarantees the existence of a direction dependence on the spacetime manifold and hence diffeomorphism violation.
Another complication for gravity concerns conservation laws and arises from the difference between spontaneous and explicit breaking. In general, a theory invariant under local transformations comes with covariantly conserved currents [9] . In spontaneous breaking, the full theory remains invariant under the transformations and the symmetry is only hidden [10] . The currents remain conserved even though the background is unchanged by the transformations because the background fluctuations transform in a nonstandard way to compensate. This contrasts with explicit breaking, when the current conservation laws fail to hold.
In GR, local Lorentz invariance implies symmetry of the energy-momentum tensor while diffeomorphism invariance implies its covariant conservation [11] . In theories with spontaneous diffeomorphism and local Lorentz violation, these current-conservation laws are unaffected: an energy-momentum tensor for the full theory remains covariantly conserved and it is always possible to make it symmetric [3] . However, if explicit breaking occurs, then there is no guarantee that the energy-momentum tensor is explicitly conserved or symmetric, and as a result a theory with explicit breaking can be inconsistent or require reformulation within Finsler geometry [3, 12] . For sufficiently involved models, this situation can be rescued by the additional modes that appear in theories with explicit diffeomorphism and local Lorentz violation [13] . These additional modes arise because in explicit breaking it becomes impossible to remove all four diffeomorphism degrees of freedom and six local Lorentz degrees of freedom from the vierbein. In some models, these additional modes can be constrained to restore the covariant conservation and symmetry of the energy-momentum tensor. The additional modes are the counterparts in explicit breaking of the Nambu-Goldstone modes appearing in spontaneous breaking. Indeed, they can be understood as Nambu-Goldstone excitations of Stueckelberg fields [14, 15] . Model-independent techniques for this have been developed both in the pure-gravity and in the matter-gravity sectors [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] and applied to obtain model-independent constraints on diffeomorphism and local Lorentz violation in gravity from a variety of experimental tests [7, ].
An alternative model-independent approach to studing both spontaneous and explicit diffeomorphism and local Lorentz violation uses linearized effective field theory for gravity, formulated to incorporate gauge and Lorentz violation [46] . In this context, gauge transformations are linearized diffeomorphisms of the metric fluctuation. This technique yields an explicit construction and classification of the general quadratic Lagrange density in effective field theory with gauge invariance at linearized level. It also permits construction of the general covariant dispersion relation and investigation of the properties of the corresponding gravitational modes. These results have been applied to obtain model-independent constraints on linearized coefficients for Lorentz violation using gravitational waves [46, 51] and tests of gravity at short range [52, 53] . In the present work, we extend this approach to explicit gauge breaking. We construct and classify all possible terms for the quadratic Lagrange density in gravitational effective field theory with explicit gauge violation, and we derive the corresponding covariant dispersion relation required for experimental applications.
To perform the linearization, we expand the dynamical metric g µν in a flat-spacetime background with Minkowski metric, g µν = η µν + h µν . A generic term of mass dimension d ≥ 2 in the Lagrange density for the linearized gravitational effective field theory can then be written as
where 
, where the upper sign holds for odd d and the lower one for even
The action is invariant under the usual gauge transformations
Assuming this condition, the operators K (d)µνρσ can be constructed explicitly, using standard methods in group theory [57] .
They are found to span three representation classes [46] . For the present work, we have ex- To simplify the notation in what follows, we denote indices contracted into a derivative as a circle index •, with n-fold contractions denoted as • n . With this convention, the
. Also, we denote the 14 representation classes as indicated in the first column of Table I . To obtain the term in the Lagrange density (1) associated to a given class, it suffices to replace K final column lists the total number of independent components appearing in the coefficient
The quadratic approximation L 0 to the Lagrange density for the Einstein-Hilbert action can conveniently be written in the form
This gauge-and Lorentz-invariant term is constructed from a piece of the coefficient Table I can then be expressed as
where the sum is over all the representation classes K (d)µνρσ shown in Table I and also over all allowed dimensions d for each class. Larger values of d introduce higher powers of momenta and so the corresponding terms in the effective field theory are expected to be more suppressed. In practice, to avoid possible issues with interpretation of the infinite sum of terms, the sum over d can be truncated at some value or restricted to specific choices of d.
The equations of motion for the metric fluctuation h µν can be found from the Lagrange density. Performing Fourier transforms to convert to momentum space, where ∂ µ → ip µ , the equations of motion can be written in the form
The operator M κλ µν = M κλ µν (p) can be understood as a square 10 × 10 matrix that acts on a 10-component vector h µν . If no gauge invariances are present, the dispersion relation for the gravitational modes is obtained by setting the determinant of the matrix to zero.
However, in the presence of partial or full gauge invariance, finding a dispersion relation for the physical modes is more complicated because M κλ µν contains a null space. Nonetheless, a covariant dispersion relation can be found using methods from exterior algebra, as we show next. The technique presented here is a generalization of the method developed by us for the study of the photon sector of the SME [58] and independently by Itin for studies of premetric electrodynamics [59] .
The key idea is to treat h µν as an element of a 10-dimensional complex vector space and M κλ µν as a linear map on the space. To keep the discussion general, we work with an N-dimensional complex vector space V and the exterior algebra ∧V over V. In terms of an arbitrary set of basis vectors {v a }, a = 1, 2, . . . , N, we write an n-vector ω as
and take its Hodge dual * ω to have components given by
Given a linear map M : V → V taking an arbitrary vector x ∈ V to a vector y = M · x, we can construct a natural linear map ∧ n M between n-vectors. For n arbitrary vectors {x 1 , x 2 , . . . , x n }, we define
In components this gives
Let r be the rank of M and let s be the dimension of the null space, so r + s = N. Denote the null space of M by S and its complement by R, so that V = R⊕S. Let {z 1 , . . . , z s } be a set of vectors spanning S, and let {x 1 , . . . , x r , z 1 , . . . , z s } span V. Any n-vector can then be expressed as a linear combinations of wedge products of n of these vectors. This implies that ∧ n M = 0 for r < n. Also, the rank of ∧ n M for n ≤ r is ( r n ) because the dimension of the image of ∧ n M matches the number of n-vectors constructed from the vectors {x 1 , . . . , x r }.
In particular, while the map M is rank r, the map ∧ r M is rank 1.
The dual map * ∧ r M can be constructed using the Hodge dual (6). However, both ∧ r M and * ∧ r M incorporate a null space, which complicates the derivation of the dispersion relation. To account explicitly for the null space of ∧ n M, we can work instead with a modified dual ⋆∧ n M . Introducing ζ = * (z 1 ∧ · · · ∧ z s ), some consideration reveals that we can write
In the special case where n = r, we see that ⋆∧ r M is a scalar obeying
which implies
The inverse relation for the modified dual can be obtained from Eq. (9). After some manipulation, we find
For the case S = ∅ so that V = R, the modified dual ⋆∧ n M reduces to the usual dual * ∧ n M.
Taking instead r = n yields the modified scalar dual
Note that since the modified scalar dual ⋆∧ r M contains inverse powers of ζ * · ζ, one might naively expect a singularity when ζ * · ζ = 0. However, continuity and the relation ∧ r M = ⋆∧ r M ζ * ⊗ ζ guarantee that ⋆∧ r M remains finite for nonzero ζ. Similarly, although ⋆∧ n M may contain divergences, they cannot contribute to ∧ n M in Eq. (9).
Our goal is to obtain the exact covariant dispersion relation from equations of motion of the form M · x = 0, where M depends on the momentum p µ , while allowing for a possible nontrivial null space of M. Typically, we are interested in situations where it is convenient to split M into two pieces, M = M 0 + δM. This is useful, for instance, when M 0 is a standard expression or when calculations with M 0 can be performed in closed form. In many applications the Lorentz violation can be taken small, in which case the Lorentzviolating terms can be placed in δM and treated perturbatively. Note that the null spaces of M, M 0 , and δM may all differ, but the null space of any one must contain the intersection of the null spaces of the other two.
To fix notation, suppose M 0 has rank r and M has rank r ′ . Let the null space S of M 0 be spanned by vectors {z 1 , . . . , z s }, and let the null space S ′ of M be spanned by vectors
, and let ⋆∧ n M be the modified dual (11) constructed with ζ and ⋆ ′ ∧ n M be the modified dual constructed with ζ ′ .
Vectors in the null space S represent trivial pure-gauge solutions of M 0 · x = 0, while vectors in S ′ represent trivial solutions of M · x = 0.
We seek nontrivial solutions to M · x = 0, which exist if we can find p µ that reduce the rank of M by at least one. The exact covariant dispersion relation arising from M · x = 0 can therefore be expressed as
After expanding ⋆ ′ ∧ r ′ M in terms of M 0 and δM, some calculation reveals that this equation
can be written as
The sum in this expression is understood to be limited to nonnegative wedge powers and restricted by the ranks of M 0 and δM. For example, n ≤ r because larger values of n produce ∧ n M 0 = 0 and so cannot contribute.
The expression (14) for the covariant dispersion relation is general and exact, and it is convenient for applications where the unbroken gauge vectors {z ′1 , . . . , z ′s ′ } spanning S ′ and thus the form of ζ ′ are known. However, in some scenarios it is easier to work with the broken gauge vectors instead. In particular, in many situations of interest the null space S of M 0 contains the null space S ′ of M, S ⊇ S ′ , so that δM acts to remove a subset of null vectors in S. Then, the ranks r of M 0 and r ′ of M satisfy r ≤ r ′ , and the coranks satisfy s ′ ≤ s. Null vectors in S can then be split into those spanning S ′ and those spanning the complement S = S − S ′ . Choosing a canonical ordering for definiteness, we write
calculation then yields an alternative form for the dispersion relation,
which holds for S ⊇ S ′ and is convenient when the form of the broken gauge vectors
A comparatively simple special case of the above arises when M and M 0 have the same null space S, so that ζ = ζ ′ . In this case, δM preserves the gauge invariance of M 0 and the null space of δM must contain S. The exact covariant dispersion relation then reduces to As an application of the above results, consider linearized GR. The linearized Einstein field equations take the form M 0µν ρσ h ρσ = 0. The operator M 0µν ρσ can be expressed as
where the projections P µν and π µν ρσ given by
are a subset of the standard spin-2 projection operators [60, 61] . Note that the trace of P is 3, while that of π is 6. The wedge products are found to be
and the scalar dual is
The first term in the brackets is just ζ * · ζ. The second term gives −ζ
The four gauge vectors can be written as (
. Putting together the pieces yields
The dispersion relation for linearized GR is thus found to be p 4 = 0, matching the standard result.
Next, consider the case where linearized GR is corrected by generic gauge-invariant terms.
This case has been explicitly treated in Ref. [46] . We write M = M 0 +δM, where M 0 is given by Eq. (17) and δM has at least the gauge invariances of M 0 but is otherwise arbitrary. We can simplify this case by noting that the factor π − P ⊗ P of projection operators appearing
P ⊗ P can therefore be viewed as the gauge-invariant inverse of π − P ⊗ P , which suggests defining
where I − 1 2 η ⊗ η is the trace-reversal operator. A short derivation then reveals that
so the dispersion relation for M is the same as that forM . Direct calculation gives
With the reasonable assumption that higher-order terms remain finite as p 2 → 0, this implies the leading-order covariant dispersion relation
where δM n = tr(δM n ). The solution for the two perturbative modes is
Upon explicit evaluation of the traces for the general gauge-invariant terms listed in Table   I , this equation reduces correctly to the results (5) and (6) for the dispersion relation given in Ref. [46] .
With these previously known examples reproduced, we turn to the case where linearized GR is instead corrected by arbitrary gauge-violating terms. The covariant dispersion relation takes the form (13) with S ⊇ S ′ , so to evaluate it explicitly we must determine the modified duals that appear in Eq. (15) . They are
After some calculation, we find the covariant dispersion relation to be
The number of terms in the sum is restricted by the rank δr of δM, which may be less than the total rank r ′ . The limits on the sum are thus 0 ≤ n ≤ δr − s.
The result (28) is the exact covariant dispersion relation for any linearized model of gravity, with or without gauge violation and with or without Lorentz violation. For example, the gauge-invariant scenario (24) is contained as the special case when r ′ = 6. The framework developed here therefore realizes the desired goal of a model-independent approach to modifications of linearized gravity. It provides calculational tools for arbitrary models and also permits identifying generic features. As an example of the latter, we can see that the complexity of the exact covariant dispersion relation is determined by the rank δr of δM and the number s of symmetries of M 0 broken by δM. In particular, the number of terms in the exact dispersion polynomial is δr − s + 1, which can constrain physical aspects of the solutions. Consider, for instance, the case where rank of δM matches the number of gauge symmetries broken by δM, δr = s. Only one term then survives in the dispersion relation.
Since that term is proportional to p 4 , we find the striking result that all models of this type must leave unaffected the conventional dispersion relation p 2 = 0.
As an explicit illustration, consider any model in which only a single gauge symmetry associated with a vector z is broken. This implies r ′ = 7 and ξ = z ⊗ z * , and the first few terms of the exact covariant dispersion relation are calculated to be
When the rank δr of δM is one, this result reduces to the monomial p 4 z * δM z = 0 and so gives the usual dispersion relation p 2 = 0, in agreement with the conclusion above. However, when δr > 1, the dispersion relation becomes a polynomial, and the solutions can describe modifications to the behavior of the gravitational modes.
Since the covariant dispersion relation (28) is exact, it governs all gravitational modes.
However, inspection reveals that terms having larger values of n involve traces of higher powers of δM, so Eq. (28) is naturally configured for perturbative reasoning concerning the usual modes of GR. Although the terms with n ≥ 3 naively contain inverse powers of Another interesting special case is the set of models with coefficients having only purely temporal components, which is a subset of the isotropic limit. All gauge-invariant models of this type are discussed in Ref. [46] . For example, the operator s Observational constraints on these coefficients have been placed using gravitational waves and other techniques [35, 36, 38, 44, 45, 49, 51, 52] .
Many of the gauge-violating representations listed in Table I [62] .
To summarize, we have provided in this work a framework for studying diffeomorphism 
